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Let j be any positive integer. For n sufficiently large, the authors determine the 
smallest positive integer k for which the first n jth powers are distinct module k. 
This settles a problem which had previously been carried out for the special j-values 
of 2h (ha l), 3, and 6. p 1990 Academic Press, Inc. 
1. 1NTR00ucT10N 
Arnold, Benkoski, and McCabe [ 1 ] determined, for each positive integer 
n, the smallest positive integer k such that 1 2, 2’, . . . . nz are all incongruent 
modulo k. More generally, we make the following 
DEFINITION. Let O(j, n) = min(k) lj, 2j, . . . . ni are distinct modulo kj. 
In [6], Schumer characterized O(3, n) and O(6, n) for all n. In [7], he 
and Steinig found D(2h, n) for h > 2 and all IZ. Here we establish O(j, n) for 
all j and sufficiently large n. This is the generalization previously sought 
and conjectured in [6]. 
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2. ODD EXPONENTS 
We begin by describing what is meant by “sufficiently large” in this case. 
DEFINITION. For j odd, let Bj be the smallest integer such that for all 
n 2 Bj there exists a prime p with (p - 1, j) = 1 and n Q p < 4n/3. 
The existence of Bj is guaranteed by the prime number theorem for 
arithmetic progressions. (See, for example, [3, Chaps. 20 and 221). 
LEMMA 1. Oj, 1” . . . . (k- 1)’ are distinct mod k if and only if 
(j, cp(k)) = 1 and k is squarefree. 
Proof See [2, p. 321. 
THEOREM 1. L.etj>3beodd,andletn>Bj;thenD(j,n)=min{k(k>nn, 
k squarefree, (q(k), j) = 1). 
Proof: First note that D( j, n) > n by the Dirichlet box principle. Also, 
by Lemma 1 and the definition of Bj, there is a prime q between n and 4n/3 
so that l/ 2j, . . . . ni are distinct mod q. Hence D( j, n) < 4n/3. 
Next we show that the conditions on k are necessary. 
LEMMA 2. Suppose m -C 4n/3 and m is not squarefree. Then there exist 
integers a and b, with 1 < a c b < n, such that ai - b’ (mod m). 
Proof Write m= p’t, where ~22. Let a=p and b=p+pt. Then 
bj-aj=pj((l+ t)j- l}, so pjt ( (bj- a’), i.e., aiz bj (mod m). We need 
to show that b < n. If not, then bfm = p( 1 + t)/p*t > n/m > 314 so 1 + l/t > 
3~14. Hence p < g/3, so p = 2 and t = 1. But in this case b = m = 4 < 4n/3, 
so bdn. 
LEMMA 3. Suppose m c 4n/3, m is squarefree, and there is a prime q 
dividing m such that (q - 1, j) # 1. Then there exist integers a and b, with 
l<a<b<n, such that aj=bj (modm). 
Proof Let p 1 (q - 1, j) for some prime p > 3. There are p - 1 solutions, 
mod q, of x* = 1 (mod q) with x f 1 (mod q) (see, for example, [4, p. 453). 
If there is a solution x with X-C q/2, then let A = 1, B= x; we have 
A’= 1 = Bj (mod q). If there is no such x, then there are solutions x,, x2 
with q/2<x,<x,<q. In this case let A=q-x2, B=q-x,; then 
A’= -1 z Bj (mod q). 
Now since m is squarefree, m = qt where (q, t) = 1. Let a = At and b = Bt; 
then aj s bj (mod m). Finally, 1 < a < b = Bm/q < qm/2q = m/2 < 2n/3 < n. 
Thus the conditions on k are necessary as well as sufficient. 
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3. EVEN EXPONENTS 
In this section we generalize the main result of [ 11. 
DEFINITION. For j even, let C, be the smallest integer greater than 18 
such that if n > C, then there exists a prime p with (p - 1, j) = 1 and 
2n<p<3n. 
As with B,, the prime number theorem for arithmetic progressions 
guarantees the existence of C,. 
LEMMA 1. If k 2 2n, (q(k), j) = 2, and k = q or 2q, q prime, then 
1 j, 2’, . . . . ni are distinct mod k. 
Proof: Assume aj z bj (mod k) with 1~ a < b <n. In either case, 
cp(k) = q - 1. Since (q - 1, j) = 2, there is an x such that jx E 2 (mod q - 1). 
By Fermat’s Little Theorem, a-jx = a2 (mod q). Similarly, 6’” z b2 (mod q). 
Certainly aj z bj (mod q), so aj” = bJx (mod q), and we get a2 E b2 (mod q). 
Hence a = + b (mod q). Since q 2 k/2 2 n, either a = b or a = q - b. In the 
latter case, if k = q then a > n, which is impossible, and if k = 2q then 
ai= b’ (mod k) implies a = b (mod 2). But q is odd, so q-b = a f b 
(mod 2) is a contradiction. Thus a = b. 
THEOREM 2. Let j be even. For n 2 Cj, D( j, n) = min{ k 1 k 2 2n, k = q or 
2q, q prime, (cp(k), j) = 2). 
Proof. In this case D(j, n) > 2n, since 2 1 j and there are at most 
[(k + 1)/2] distinct quadratic residues mod k. Further, there is a prime q 
between 2n and 3n with (q - 1, j) = 2, so by Lemma 1, D( j, n) < 3n. 
Next, suppose that m is neither a prime nor twice a prime. Then there 
exist a and b with 1 <a <b 6 n such that b2 = a2 (mod m) for n > 19 (see 
[ 1, proof of Lemma 41). So bi= ai (mod m). 
Now suppose m = p or 2p, p prime, and a = (p - 1, j), so a Z 4. There 
are a solutions x, 1 <x < m, to x1 E ra (mod m) for each r = 1,2, . . . . [m/3]. 
If l”, 2”, . . . . [m/3]” were all distinct mod m, then we would have at least 
4[m/3] > m distinct integers mod m, which is impossible, so there must 
exist a and b with 1 ga<b< [m/3]<n and bEsax (modm). So hjra’ 
(mod m), where 1 d a < b < n. 
Thus k must satisfy the conditions of the theorem. 
4. REMARKS 
There is no known general result which would give our lower bound 
(Bj or C,) explicitly in every case. However, in 151, Molsen shows that for 
n > 118, the interval between n and 4n/3 always contains primes congruent 
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to 5, 7, and 11 modulo 12. This result, together with analysis of special 
cases and directed computer searches, is used to completely characterize 
D(3, n), D(6, n), and D(2h, n) for h 22 in [6, 71. 
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